Within a four-dimensional, toroidally compactified heterotic string, we identify (quantized) charge vectors of electrically charged BPS-saturated states (along with the tower of SL(2, Z) related dyonic states), which preserve 1 2 of N = 4 supersymmetry and become massless along the hyper-surfaces of enhanced gauge symmetry of the two-torus moduli sub-space. In addition, we identify charge vectors of the dyonic BPS-saturated states (along with the tower of SL(2, Z) related states), which preserve 1 4 of N = 4 supersymmetry, and become massless at two points with the maximal gauge symmetry enhancement. * On sabbatic leave from the University of Pennsylvania.
where the subscript ∞ refers to the asymptotic (r → ∞) value of the corresponding fields. Here, the moduli matrix M and the dilaton-axion field S ≡ Ψ + ie −2φ , transform covariantly (along with the corresponding charge vectors) under the T -duality (O(6, 22, Z)) and Sduality (SL(2, Z) S ), respectively, while the BPS mass formula (1) remains invariant under these transformations.
Note that when the magnetic and electric charges are parallel in the O(6, 22) sense, i.e., β ∝ α (in the quantized theory the lattice charge vectors should be relative co-primes [11] ), the BPS mass formula (1) is that of the BPS-saturated states which preserve 1 2 of N = 4 supersymmetry (see, e.g., [11] ). In the case when the magnetic and electric charges are not parallel, the mass is larger (the last term in (1) is non-zero) and the configurations preserve only 1 4 of N = 4 supersymmetry [8] . Note that states preserving 1 2 of N = 4 supersymmetry belong to the vector super-multiplets, while those preserving 1 4 of N = 4 supersymmetry belong to the highest spin 3 2 -supermultiplets [12, 13] . Thus, when the former [latter] states become massless they may contribute to the enhancement of gauge symmetry [6] [supersymmetry [4] ].
In the quantum theory the charge vectors α, β are quantized. Following [11] , one may attempt to constrain the allowed lattice charge vectors by using the constraints for the elementary BPS-saturated string states of toroidally compactified heterotic string, along with the Dirac-Schwinger-Zwanziger-Witten (DSZW) [14] quantization condition.
3 Purely electric BPS-saturated states ( β = 0) preserve 1 2 of N = 4 supersymmetry and have the same quantum numbers [15, 16] as the elementary BPS-saturated string states with no excitations in the right-moving sector (N R = 1 2 ). For the electric states the quantized charge vector α is then constrained to lie on an even self-dual lattice Λ 6,22 with the following norm (in the O(6, 22) sense) [11] :
where the integer N L parameterizes the level of the left-moving sector. The DSZW charge quantization condition then implies an analogous constraint for β T L β; magnetic charge vectors β are then constrained [11] to lie on an even self-dual lattice Λ 6, 22 with the norm
Since we confine the analysis to the two-torus moduli sub-space , the T -duality group reduces to O(2, 2). Then only the O(2, 2) part of the symmetric moduli metric M is non-trivial and of the form:
where
are the four moduli of the two-torus and L is an O(2, 2) invariant matrix.
The four moduli fields can be expressed in terms of two complex fields T and U, (see, e.g., [17] and references therein):
where G ≡ det(G mn ). The T and U fields transform covariantly under P SL(2, Z) T and P SL(2, Z) U , respectively, i.e., the subgroups of the duality group O(2, 2, Z) = P SL(2, Z) T × P SL(2, Z) U × Z 2 T ↔U [17] . In order to address massless BPS states which preserve 1 2 of supersymmetry, we first concentrate on purely electrically charged configurations ( β = 0) with the electric lattice charge vector α ≡ (α a , α b ; α c , α d ) whose norm is:
Namely, only the states with the electric charge norm (8) can become massless [6] along the lines (hyper-surfaces) of moduli space for which:
It turns out that (9) is satisfied along the following hyper-surfaces, along with the following accompanying electric charge vectors α:
Those are the same four hype-surfaces of the two-torus moduli sub-space (in the fundamental domain), for which the gauge symmetry of toroidally compactified heterotic string is enhanced due to the Halpern-Frenkel-Kač mechanism, i.e., those are the hyper-surfaces where the perturbative string states (with N R = 1 2
), which have the same quantum numbers as electrically charged BPS-saturated states, become massless. Thus, on the heterotic side these electrically charged BPS-states are identified with the elementary string excitations.
Along each of the hyper-surfaces L 1,2,3,4 these electrically charged massless BPS-saturated states, which are scalar components of the vector super-multiplets, contribute to the enhancement of the gauge symmetry from Due to the SL(2, Z) S symmetry, along with each of the charge vectors α (as specified in (10)- (13)), there is a tower of dyonic configurations (including the Z 2 related purely magnetic states) with p β = q α, where p and q are the relative co-primes [11] . These dyonic configurations become massless at the same points of moduli space as purely electric configurations.
We now address massless dyonic states whose electric and magnetic charge vectors are not parallel. These states only preserve 1 4 of N = 4 supersymmetry. The necessary condition for them to become massless is that both the electric and the magnetic charge vector norms satisfy:
These BPS-saturated states become massless at the points of moduli space for which now the following three constraints are satisfied:
By explicit calculation we found that the three constraints (15) are satisfied only at the following two points:
The charge assignments for the four massless dyonic BPS-saturated states (16) at the selfdual point of the two-circle were found in Ref. [4] . At the point T = U * = e i π 6 there are twelve massless dyonic BPS-saturated states (17) . In addition, there is an infinite SL(2, Z) S related tower of massless states (including the Z 2 related states with electric and magnetic charge vectors in (16) and (17) interchanged). Since these states belong to the highest spin 3 2 -supermultiplet, they may contribute to the enhancement of supersymmetry there. Note that dyonic states (16) and (17) are not in the perturbative spectrum of toroidally compactified heterotic string.
A few comments are in order. The discussed BPS-saturated states become massless at special points and hyper-surfaces of moduli space, regardless of the strength of the dilatonaxion coupling. 5 Note also that all the discussed states are singular four-dimensional solutions. Namely, for the solutions to be regular, i.e., with the (Einstein frame) event horizon, the norms of the lattice charge vectors have to satisfy the following constraints [2] :
Since the norms (8), (14) of the massless BPS states are negative, all the above solutions are singular from the four-dimensional point of view. The above solutions were obtained as semi-classical solutions of toroidally compactified heterotic string; they are parameterized in terms of classical bosonic fields of heterotic string and (quantized) lattice charge vectors, consistent with the heterotic string constraints and the DSZW quantization condition. It is important to address the stability of these configurations, as well as to identify these semi-classical solutions in terms of the D−brane [18] solutions of Type IIA string.
After the results presented in the paper had been obtained, we became aware of the paper [19] where related issues were addressed.
